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Abstract. Cellular Automata Transform is an alternative tool for image and
signal processing like Fourier or Wavelet transforms. From the big number of
transformation bases that can be generated using this method is possible to find
the one more accurate for the problem in question that when using previous
transforms. The present paper deals with an cfficicnt basis selection criterion
measured though the entropy of the transformed coefficients in an application
like image compression.

1 Introduction

Cellular Automata are dynamical systems in which space and time are discrete. They
were presented for the first time by von Neumann and Ulam [1] and had been
progressively used in modeling a great variety of dynamic systems in diverse
applications [2]. Like former transforms as Fourier or Wavelet, the Cellular Automata
Transform (CAT) finds a practical application in digital image processing like
compression, noise filtering or edge detection.

The theory bchind this transform and its applications has been exposed by von
Neumann and Lafe [1],[2]. According to them, there are a set of parameters involved
in obtaining a single CAT basis. These are: the space dimension (one dimensional D
= | or two dimensional D = 2), the size of the basis (N), the starting initial state, also
called cellular automaton that can be presented as a vector in D =1orasaNx M
matrix in D =2.

Other parameters are the evolution time (7 > 0), the number of states each cell can
take (K > 2), the rule number according to which the initial state will evolve (RN), the
number of neighbors considered in the evolution (m), the Class (=1 in case 7= N and
Class = 2 in case T > N), and the Type of linear devclopment for the obtained
evolution in order to calculate the basis. Sce equation 4 for an example.

All parameters and their values for the experiments in this paper are listed in table I
and II. In general, their amount and variability range allows obtaining a huge number
of bases and, among these, the one which fits better to the problem in question than
when using other transforms.
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2 Experiments.
2.1 Obtaining the basis

If f; is a discrete signal with i = 1, ... N then a basis 4, is search so that
j; = ZC‘ Al.k (l )
k

where c; are the coefficients obtained from the inverse transformation;

¢ = Z[,B,J (2)

and B, is the inverse of 4,

The construction of a basis starts with the initial state (/S) of the automata. In case (D
= 1) it can be described by an N - element vector a(i, f) withr=0and i= I,..., N, and
in D=2, by a N x M matrix which elements are a(i. j. f) witht=0,i=1,..., N andj =
l..... M. They are both composed of cells linked to each other and each one taking a
finite number of K possible states (values). Figure 1 shows an initial state with D = 1,

N=4and/S=[1011].
Fig. 1 Cellular Automaton.

The future state of each cell at ¢ > 0 will be determined by an evolution rule and by
the present states of the automaton in a certain neighbourhood m. Where a, is the i
cell at state 1. a;, = a(i, t), i = space index, ¢ = time index. The initial state will evolve T
times to build a N x T matrix in 1-D case according to an specific evolution rule
described by a rule called Wolfram rule. See equation 3. In Class =1 evolutions, the
evolution time 7= N which returns square matrices. With these matrices and using
equation 5, the transformation basis can be obtained.

The Wolfram vector W, (j = 0, 1. 2...., 2"), is a weight vector obtained form the rule
number (RN), the maximum state number of each cell and the number of neighbours
to consider in evolution (m). Its precise expression can be found in [1]. Example: W =
[001 11001 1],isthe Wolfram vector for RN = 53, K =2 and m = 3. The
evolution of cell a, at time £+1. for 3 neighbours, is described by the following rule:

Uy =(Wotdar* Wicty# Wzt Wtdoani* W ati s Wotssio> Wettoasaa st Wr)'™ mod K 3)
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Fig. 2 Evolution of initial state.
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The evolution leads to a N x T matrix E used to form the desired basis according to
some lineal combination:

A, j)=a+ B-EW,J) 4)
where a, B € R are real number introduced by the user.

In 2-D case, the basis can be obtained as a result of linear evolutions of two
dimensional initial states or as an inner product of one dimensional basis already
obtained:

B(ij.k0) = A(ij)*A(k1) (5)

All bases used in this work were obtained using the second method. Gramm-Schmidt
procedure was performed over those bases that result not orthogonal after an
orthogonality test [S].

2.2 Ordering the basis

The orthonormal bases were placed ordered in a set according to its performance
measured in the entropy values of the coefficients obtained with each of them.
According to the relation between Shannon entropy [6] and compression ratio of a
data set, only when entropy based algorithms are uscd, bases among the first positions
will report the best results in compression purposes. In this particular case bases of
dimension 4x4x4x4 (N = 4) and dimension 8x8x8x8 (N = 8) were studied.

Equation 7 shows an example of a basis of size 2x2x2x2 (N = 2),

Ai,j,kn=[“’” "’"’} q,,.=[“'” "‘“'} Liki=12.  (7)
QG 9 Qi G

When dealing with cellular automata bases is common to obtain the same basis using
different set of parameters which justifies their widespread use in other applications
like encryption for example. For compression purposes on the other hand, only
different bases are required and among them, the one with better performance. So, in
order 1o have only those different to each other, only the new and different to those
already in, are added to the set.
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2. 3 Bases classification.

The process is done transforming a set of real images with every basis in the set and
obtaining the entropy values of their coefficients transformed. The bases are ordered
in the set according to the transformed images coefficients entropy values. So is
possible to select among the first ones, the best for compression purposes. In this case
a lossless arithmetic compression algorithm has been used.

Table 1. Parameters for obtaining basis N =4 (left)y N=8 (right)

Basis RN IS Basts RN 1S
N 28 1 011 11 01111010
& 10 0 0 0 1 2 15 01 1011 11
3 1% 0001 3 15 01111011
K] 1= 0 0 0 1 4 11 000011 00O
s K 00 01 s 18 1 0000100
6 130 0 010 [ 15 1 0010000
- 16 0010 - 47 1 1 000000
S 167 0010 S 43 11100111
9 242 0 01 ¢ 9 43 1 111001 1
10 <0 0 0 1 VU 10 18 1 11101t 10
1113 001 1_1l 11 00011000
12 230 0110 12 18 00 011101
13 =3 0110 13 1) 00101011
14 188 1 0 01 14 15 010111 00
Table 2. Other parameters
N D IS RN Class T T\pe K m a
vanable 2 vamable vanable I N 2 23 40 2

But first one has to be sure that there is a different performance between them no
matter what images they are processing. Ten real images (256 x 256, 8bpp) were
transformed with two different sets of bases with N = 4 and N = 8, and the entropy
values of the resulting coefficients were calculated.
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Table 3. Bases with N =4 (Left) and N = 8 (Right). Entropy and PSNR after reducing the
amount of necessary bits from 10 to 6 (V= 4) and from 14 to 8 (N = 8).

Basis  Eunopy ]  PSNK[dB] B2 Eunopy[upp)  PSNR[dB]

(EN) Us)

2s 181 16~ 122 136 411

10 38y so 111 L35 <18

1 08 B 123 533 S1d

20" 398 66 12 104 3-3

B 103 16 ¢ 132 216 359

150 399 61 134 145 308

16 304 3¢ 192 1.08 27.6
S 2.9 did 231 1.56 <11
12 108 <19 243 12 <18

L0 188 164 246 S 38 £1.8
1 s 46 24 139 29"
N 29 140 303
A 183 169 43 $11 s1.8
s a8y a6y 92 226 359

The bases in the paper had been obtained using the parameters in tables I and IL. The
initial states are one dimensional but using the equation 5 two dimensional bases can
be obtained from one-dimensional ones. Type = 2 means a lincar expression like the
one in equation 4, K = 2 is the maximum number of states of each cell; also [0, 1].

In figure 3 the lines does not cross each other. This means that !herc is an
independent behaviour or different performance of each basis for any image. The
expression used for entropy is Shannon entropy:

N
E=-Y plog,(p). i=1...N [bpp). ()

where p, is the probability for one specific value in the coefTicients and N is the
number of coefficients.
The basis with N = 8 showed similar behaviour that those with N = 4. It has been
shown that their performance is different from each other and independent for each
image.

3. Results and discussion.

In order to represent coefficients obtained with bases of N = 4, 10 bpp (bits per pixel)
were needed, (2 bpp more than in the original image). that is 131072 bits more then
the original image, while in transforming the images with bases of N = 8, 14 bpp were

needed.
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Table 4. Entropy and compression ratios for bases with N=4 (left) and N = 8 (right)
Emopy TC PSNR - N Enhopy TC PSNR

S S N M O [opp] _ [bpp) _[dB]

167° 08 076 2i2 4 12e 0.43 040 215

2 103 Ve 239 7 192 0.50 047 211

173 106 08w = - 11 24° 0.73 Qs 222
13 10 0s0 - 2 29" 0.74 070 229
10 0 11 0ss 244 6 143* 0.7 075 228
TS 1= 005 64 14 9z* 1.32 122 276
130 115 094 264 S 132¢ .32 i22 276
S S [ 103 344 8 231 194 12 310
) 381 0 us 1 194 129 31e
- 16 281 0 380 9 243 200 141 0=
6 150 181 206 350 13 43 309 142 30"
4 156 199 35" 31 21 14~ 219-
38 292 178 298 2 1 224 15§ 301
9 298 187 296 10 246 228 158 301

The standard deviation between original and reconstructed images after rounding the
coefficients was only 0.28 units in all cases, i.e. to a PSNR of 60 units. This means
that the simple rounding of the coefficients does not introduce errors in the
reconstructed image.

The amount of necessary bpp was reduced to 6 in bases with N = 4 (except in basis
with RN = 167 where 10 bpp were needed). On the other hand in bases with N = 8,
this quantity was reduced to 10 and 8 bpp in some cases from 14 bpp originally
necessary to represent the transformed coefficients. These reductions brought
considerable entropy decrease of the coefficients. A non-uniform coder was also
introduced who reduced more the coefficients entropy values while maintaining the
PSNR in acceptable values i.e. with very small loss in the reconstructed image. See
table I11.
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Fig. 3 Cellular automata transform bases performance measured in the entropy values

of the coefficients of 10 different images. Each basis shows a stable behaviour in
comparison to the others, therefore is possible to achicve better results with a certain
basis no matter what the input image is. Bases with N = 8 show similar behaviour.
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The ordered basis according to the mean entropy value, the PSNR values and the
mean compression ratio over the set images are shown in table IV. The minimal loss
in the reconstructed images is due to the presence of quantization.

The entropy values were calculated as the mean value for each basis of all image
transformed coefficients using expression (7). Compression ratio has been calculated
as the quotient of necessary bits to represent the original image and the amount of bits
necessary to represent the codified image.

The Peak Signal-to-Noise Ratio (PSNR) was calculated using expression
2

X
PSNR=10-log,,| —2—| [4B]- (8)
og.o(MSE) [dB]

where X, = 255,

MSE=l~i(x -x' )z (10)
N 1 '

1=l
is the Mean Square Error and x " is the reconstructed image.

As explained before. the number of basis that can be obtained varying the parameters
is a huge number. In this paper we had limit this number to a few bases in order to
prove the relation of entropy and compression ratio when using entropy based coders.

Fig. 4 a) Image a) Magnetic resonance image (Tlslice), 256x256 pixels and 8 bpp,
b) reconstructed image after being compacted: PSNR=25.4 dB, TC = 0.39 bpp (CR=

20.2 times).

The entropy based coders use the probability of occurrence of a value in the
transformed coefficients, while the energy based coders take account of the
coefficients magnitude. Therefore when using energy based coders or combining
these with entropy based coders, the criterion exposed here will not be effective in

selecting the best basis for compression purposes.
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Fig. 5 a) Magnetic resonance image (T Islice). 256x256 pixels and 8 bpp,
b) reconstructed image after being compacted PSNR=27.1 dB,
TC=0.77bpp (CR= 10.3

Figures 4 and 5 show two images compressed using base named (/S = 12) in table IV.
The images are 256x256 pixels and 8 bpp. The compression rates obtained are
between 10 and 20 times, keeping the PSNR bigger then 25 dB, what is acceptable for
processing medical images.
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